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We review the relation of certain integrals over the Coulomb phase of d = 4, = 2 5*0(3) supersymmetric 
Yang-Mills theory with Donaldson- Witten theory. We describe a new way to write an important contact term in 
the theory and show how the integrals generalize to higher rank gauge groups. 



1. Introduction 

In the past 15 years there has been a fruit- 
ful, sometimes dramatic, math/physics dialogue 
in the arena of 4-manifold theory and SYM. In the 
early 1980's Donaldson defined diffeomorphism 
invariants of compact, oriented 4- folds X using 
Yang-Mills instantons. These invariants are best 
organized in terms of a single function (or for- 
mal series), on the homology of X called the the 
Donaldson- Witten function. Let P G Ho{X;Z), 
S e H2{X;Z), then the Donaldson- Witten func- 
tion can be written as: 



(pP + vS) 



^-^ p-V 



(1) 



In 1988 E. Witten interpreted Zdw as the 
generating function of correlation functions in 
topological SO (3) SYM: 



Zdw{v-S+pP) = (exp[ 



[vIiS)+pOiP)]) (2) 

/ SO{3),^f=2 



where I{S) and 0{P) are certain operators de- 
fined below. This lead to an interesting refor- 
mulation of the problem of computing Donald- 
son invariants and, in 1994, when the structure 
of the vacuum became apparent due to the work 
of Seiberg and Witten @, Witten §^ gave a 
beautiful and simple expression for Donaldson in- 
variants for X of b2 > 1 and "of simple type," 
reproducing and extending the results of Kron- 
heimer and Mrowka |jl^. All known 4-manifolds 
of 6 J > 1 are of simple type. 
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With the publication of [|T| the program of de- 
riving 4-manifold invariants from supersymmetric 
Yang-Mills theory became a resounding success. 
Nevertheless, a few loose ends remained to be 
tied up. These chiefly concerned the derivation of 
Donaldson polynomials for 4-manifolds of 5^ — 1. 
In this case Zjjw is not quite topologically invari- 
ant, and several subtle points must be addressed. 
The talk at the Strings 97 conference, entitled 
"Donaldson=Coulomb -I- Higgs," and delivered 
by one of us reported on some work done in col- 
laboration with E. Witten on the extension of the 
SYM approach to the derivation of the Donald- 
son polynomials for manifolds of fej = 1. In the 
course of this investigation a few new results on 
4-manifolds were obtained. For example, a gen- 
eral formula relating Donaldson invariants to SW 
invariants, even for 4-manifolds not necessarily of 
simple type was derived (eqs. (35), (36) below). 
Using this one can show that all 4-manifolds of 
6i = 0, 6+ > 1 are of generalized simple type. 

The results reported at Strings 97 have all been 
described in detail in |Q . Some interesting alter- 
native derivations and new viewpoints on those 
results have recently been described by A. Lo- 
sev, N. Nekrasov and S. Shatashvili in pO| . In 
this note, after reviewing some aspects of ]23| , we 
make a few additional comments on the "u-plane 
integrals." 



2. Topological field theory and the u-plane 
integral 
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2.1. Manifolds of 6+ = 1 

Recall that for X compact and oriented the 
intersection form on H^{X;IV) has signature 
{{+1)^2 , (—1)^2 )^ and hence is Lorentzian for 
6^ = 1. Examples of such manifolds are x 
S^,CP^ and blowups thereof. This is also the 
signature of the operator and, given a metric 
one finds a unique solution up to sign, of the equa- 
tion Lu ■ Lo — 1. A choice of sign corresponds to 
a choice of orientation of instanton moduli space 
Q. Such an w is called a period point. Using 
the period point we can define selfdual and anti- 
selfdual projections of 2-dimensional cohomology 
classes: A+ = {X,uj)lj, A_ = A — A+. 

2.2. Donaldson- Witten theory according 
to Donaldson 

In Donaldson theory as formulated in |Q,||,|o|, 
one starts with a principal 5*0(3) bundle E — > 
X over a compact, oriented, Riemannian four- 
manifold X, with fixed instanton number C2{E) 
and Stiefel- Whitney class W2{E) (5*0(3) bundles 
on a four-manifold are classified up to isomor- 
phism by these topological data). The moduli 
space of ASD connections is then defined as 



The Donaldson invariants are defined by 



A^ASD = {A : F+{A) - 0}/^, 



(3) 



where G is the group of gauge transformations. To 
construct the Donaldson polynomials, one consid- 
ers the universal bundle 

P = {Ex A{E))/{g X G), (4) 

which is a G-bundle over {A{E)/Q) x X and as 
such has a classifying map 

$ : P ^ BG. (5) 

The "observables" of Donaldson theory are then 
cohomology classes in A{E) obtained by the slant 
product pairing 



/ <i>*(0, ieH,{X), ieH*{BG). 
J ^ 



(6) 



After restriction to A^asd C A{E)/Q, we ob- 
tain cohomology classes in A^asd- In the case 
of simply-connected manifolds, we have two dif- 
ferent types of observables 

PeHoiX) ^ OiP) e h\Masd). 



{o{p)y A ii{s)y 



(8) 



The main point is that di^r are metric indepen- 
dent and hence diffeomorphism invariants of X 
for > 1. When &J = 1 it turns out they are 
only piecewise constant as a function of uj. 



2.3. Donaldson- Witten theory according 
to Witten 

In 1^ , Witten constructed a twisted version of 
iV = 2 SYM theory which has a nilpotent BRST 
charge (modulo gauge transformations) 



Q 



(9) 



where Q^^ are the SUSY charges. Here d is a chi- 
ral spinor index and A has its origin in the SU (2) 
7?.-symmetry. The field content of the theory is 
the standard twisted multiplet: 

A, '0M = V'aQ, <l>; D+^^xj,^ = i^ap^ 

4>, V^Ta- (10) 

where ^D^^dx^^ dx'^ is a self-dual 2-form derived 
from the auxiliary fields, etc. All fields are val- 
ued in the adjoint representation of the gauge 
group. After twisting, the theory is well defined 
on any Riemannian four-manifold, since the fields 
are naturally interpreted as differential forms and 
the Q charge is a scalar [ p8[ . 

The observables of the theory are Q cohomol- 
ogy classes of operators, and they can be con- 
structed from zero-form observables O^^^ using 
the descent procedure. This amounts to solving 
the equations 



rfOW ^ {Q,0(»+i)}, i = 0,---,3. 



(11) 



The integration over i-cycles ^''^^ in X of the op- 
erators O^*^ is then an observable. These descent 
equations have a canonical solution: the one-form 
valued operator Kaa = ~i^aQaAl^ verifies 



d^{Q,K}, 



(12) 



S^H2{X) 



I{S) e H^Masi^). 



(7) 



as a consequence of the supersymmetry algebra. 
The operators O^"^ = K'O^^^ solve the descent 
equations ([ll|) and are canonical representatives. 
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One of the main results of ||2^ is that the generat- 
ing functional (|l]) can be written as a correlation 
function of the twisted theory, involving the ob- 
servables 



0{P) 



1 
8^ 



Tr02, 



These operators correspond to the cohomology 
classes in (|^). The relation between the above 
two formulations of Donaldson- Witten theory is 
described in detail in many reviews. See, for ex- 
amples, |29[|,|,|l|l. 

2.4. Evaluation via low-energy effective 
field theory 

One way of describing the main result of the 
work of Seiberg and Witten is that the moduli 
space of Q-fixed points of the twisted 50(3) N — 
2 theory on a compact 4- fold has two branches, 
which we refer to as the Coulomb and Seiberg- 
Witten branches. On the Coulomb branch the 
expectation value: ^^^2^ = u breaks SO{?>) —>■ 
SO(2) via the standard Higgs mechanism. The 
Coulomb branch is simply a copy of the complex 
M-plane. However, at two points, u = ±1, there is 
a singularity where the moduli space meets a sec- 
ond branch, the Seiberg- Witten branch, which is 
the moduli space of solutions of the SW equations 
modulo gauge equivalence Msw = {(^^j-^a) : 
F+iA'^) = MM, r • DM = 0}/^;. Here = is 
an SO{2) gauge field which is a magnetic dual to 
A,. 

Because of tunneling, the partition function on 
a compact space is a sum over all vacuum states. 
Hence: 



SW 



(14) 



In ||3l[ Witten gave the expression for Z^w in 
the case of manifolds of simple type with 6^ > 1. 
In this case, as we will see in a moment, Z„ = 0. 
The simple type condition means that the only 
non- vanishing Seiberg- Witten invariants are asso- 
ciated to moduli spaces Msw of dimension zero. 
Below a generalization of Witten's formula will 
be presented which holds for manifolds of 6^ > 
and not necessarily of simple type. 



3. Derivation of the u-plane integral. 

We now sketch how to derive the contribution 
Zu- The full details are in |^^. The first step 
involves the identification of the low energy the- 
ory and action. Then we must map the operators 
I{S),0{P) to the low energy theory. 

The untwisted low energy theory has been de- 
scribed in detail in [ p4|j3^ . It is an A/" = 2 theory 
characterized by a prepotential J-' which depends 
on an A/" = 2 vector multiplet. The effective gauge 
coupling is given by T(a) = T" {a), where a is the 
scalar component of the vector multiplet. The 
Euclidean Lagrange density for the w-plane the- 
ory can be obtained simply by twisting the phys- 
ical theory. It can be written as 



is/2 
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+a{u)TYR A i? -f b{u)TTR A R 



(15) 



where a(ii), b{u) describe the coupling to gravity, 
and after integration of the corresponding differ- 
ential forms we obtain terms proportional to the 
signature a and Euler characteristic x of 

As for the operators, we have u = 0{P) by 
definition. We may then obtain the 2-observables 
from the descent procedure. The result is that 
m ^ i{S) = J, K^u = f (i?+ + F_) + . . . 
Here is the auxiliary field. It is important 
to work with off-shell supersymmetry because of 
contact terms. Even though we have the RG flow 
I{S) I{S) it does not necessarily follow that 
I{Si)I{S2) i{Si)i{S2) because there can be 
contact terms. If 5*1 and 6*2 intersect then in pass- 
ing to the low energy theory we integrate out mas- 
sive modes. This can induce delta function cor- 
rections to the operator product expansion mod- 
ifying the mapping to the low energy theory to 

i{Si)i{S2) ^ i{Si)i{S2) + ^p^^P) (16) 

PGSinSa 

where T{P) are local operators. Such contact 
terms were observed in pO| and were related to 
gluino condensates. The net effect is that the 
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mapping to the low energy theory is simply: 



(exp 



pOiP)+I{S) 



' Coulomb 



(exp 



2pu + /iow(5) + 52T(m) 



U(l) 



(17) 



We will discuss the function T(u) in section 6 
below. The explicit form is not needed for the 
remaining derivation of the integral. When eval- 
uating this path integral standard arguments in- 
volving A/ — A{Q, y}, A — > oo, etc., must be ap- 
plied with care because V has monodromy, and 
we must integrate by parts on the u-plane. Nev- 
ertheless, a simple scaling argument presented in 
shows that the semiclassical evaluation of the 
partition function is exact, so the evaluation of 
the RHS of equation ( [l7| ) above simply amounts 
to a semiclassical evaluation of an A/" = 2 Maxwell 
partition function on a curved manifold. This 
boils down to several steps: 

• Do the Gaussian integral on D. 

• Do the Fcrmion zeromodc integral on r], x, i/j. 

• Do the photon path integral on gauge 
field A^,. 

• Evaluate the coupling of u to the background 
metric g^^y. 

The zeromode integral on a(u) finally gives the 
integral over the u-plane. 

All of these steps are relatively straightforward. 
A few points which should be noted are: 

First, and most importantly, since 77, x always 
appear together and there is only one 77 zero- 
mode (since it is a scalar) the Coulomb branch 
contributes only for manifolds 0/ 6 J = 1 . 

A second point is the nature of the photon 
partition function. The vcv (Tr0^) breaks the 
SO{3) gauge bundle to a sum of hue bundles 
E = {L® L-i)®2 = l2 (J O © and we must 
sum over "line bundles" L: with ■^F{A) 2\ = 
Ci{L^) e 2r = 2H^{X; Z) + W2{E). Here w^iE) 
represents an 't Hooft flux for the SO (3) gauge 
theory. The sum over line bundles gives a Siegel- 
Narain theta function | ]3^ , p7| , p^ 



dA^ exp [—5: 



MaxwcllJ 



(18) 



where q — exp(27riT) and r = x + iy. There 
is also a phase factor in the lattice sum whose 
origin was explained in [^2| . It has the form 
exp[— zttA • W2{X)]. Because of the interactions 
and 2-observable insertions the sum over line bun- 
dles is proportional to: ^ 

^ = exp[-3i^(^)25i]EAer(-l)'""^^^) 



(A,^) 



47ry da ^ ^ ^ 



' exp 



-77rr(A+)2-z^r(A_)2-z^(^,A_) 



A{u)^B{uy 



(20) 



(19) 

A third point is the nature of the coupling to 
gravity. This was derived in for the case Nj = 
and extended to theories with matter in . In 
order to state the result one must remember that 
the u-plane integral describes a family of elliptic 
curves Eu. The coupling to gravity is expressed 
in terms of quantities naturally associated to that 
family: 

rda.-x/2_ 
'du' 

where A is the discriminant of the elliptic curve 
and da/du is a period. The proof follows and 
is based on R-charge and holomorphy. 

3.1. The explicit expression for the w-plane 
integral 

The final result of all the computations of the 
previous section is the expression: 

Z^{p,S)^ f ^/.(r)e2P«+^=*(")* (21) 
Jc V ' 

where /i(T) = ^(^)^"^^A'^/8 and 
(du/da^2 



T{u) = T{u) + 



(22) 



87rlm r 

Here, for simplicity, we have assumed that X is 
simply connected. The result is extended to non- 
simply connected manifolds in ||2^ . 
We would like to make a few remarks: 
• This expression is also the answer for gen- 
eralizations of Donaldson theory obtained by in- 
cluding hypermultiplets. In fact, this expression 
makes sense for any family of elliptic curves. 

^We ignore some subtle overall phases described in |23|. 
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• The expression is not obviously well-defined 
because t{u) has monodromy. 

• The integrand has singularities at the cusps 
u = Ui where /S.{ui) = or it = oo. 

• Topological invariance is far from obvious be- 
cause of the (A)SD projection: A = A+ + A-, 
A+ = (A, 

• The expression for Z„, while impressively 
complicated, only depends on the classical coho- 
mology ring of X. It is only part of the answer 

to ZjjY/- 

3.2. The integral (21) makes sense 

There are two points which must be checked 
before we can accept as a sensible answer 
for Z„. First, the integrand is expressed in terms 
of quantities which have monodromy. We must 
check that the integrand is in fact well-defined on 
the M-plane. Second, the integrand has singulari- 
ties at the cusps u = Ui, and we must define the 
integral carefully by a regularization and limiting 
procedure. 

The first point is easily checked since ^E* is a 
modular form of weig ht (i&J + 1,5^^)- (The 
modular invariance of T[u) is crucial for this 
point.) For single- valuedness in theories with fun- 
damental matter it is sufficient to take W2{E) — 
W2{X) and if we have adjoint matter we must 
have W2{X) = 0, i.e., X must be a spin manifold. 

The second point is rather delicate. Near any 
cusp u ^ Ui we can make a duality transformation 
to the local r-parameter: q = e^^'^'^ such that 
u ^ Ui corresponds to g ^ 0, i.e., Imr -t-oo. If 
we set T = X + iy, we can regularize the integral 
by introducing a cutoff A for y, and then taking 
the limit A — > oo at the end. The behaviour of 
the w-plane integral is given by: 



hm / -— / dx 

A^+ooJ y^l^ J -1/2 



■Y,q^q'^[l + 0{lly)]. (23) 



Then, one easily checks that > A^, so A^ > 
gives exponential convergence after J dx. Curi- 
ously, this corresponds to the regularization used 
in evaluating string one-loop diagrams. 



4. Wall-crossing and the relation of Don- 
aldson and SW invariants. 

4.1. Metric dependence 

General results in topological field theory imply 
that T = {Q, A} and hence SZ^ ~ / (fiu-§.{- ■ •)• 
However, when field space is noncompact the to- 
tal derivative can be nonzero. This is the case 
for Donaldson theory on manifolds of 5 J = 1 . In- 
deed, one may derive the general variational for- 
mula 



dt 



Zu{L^{t)) 



(24) 

where an explicit expression for T was derived in 

Hi- 

Let us define a wall in the Kahler cone associ- 
ated to A G F by A+ = (w. A) = 0. For such a 
metric the line bundle L with ci(L) = A admits 
an abelian instanton and the variation of the in- 
tegral diverges due to a new bosonic zeromode. 
For a fixed correlator of order ~ p^S^ the metric 
variation of Z„ vanishes, except when lu crosses 
a wall. Then Z^ has a discontinuous change: the 
integral Zu{uj) is not topologically invariant. 

The essential problem is familiar from string 
theory one-loop amplitudes. It corresponds to the 
presence of "massless singularities." Mathemat- 
ically, at a cusp y = Im t — > +oo, q ^ 0. one 
considers the integral: 

Thcta function 



lim 



dy 



y 



1/2 



dx c{d)q'^ {qq)^^+q^i^' X+ 



measure 



\X+\ c{d='^X^) 
A+ V2 



(25) 



where we have taken d = ^X^ (otherwise the in- 
tegral dx gives zero) . The contribution of a cusp 
u = to the discontinuity from a wall is thus 
given in terms of a residue formula: 

AZy ^ { dwq-^'/2(— )i-4^A'^/s 
Ju, du 



du , 



•expf2pu-h52T-i— (5,A)] (26) 
da ■' 
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4.2. Donaldson and SW wall-crossing 

There are two kinds of cusps: u = oo and u — 
Ui on the complex plane. We refer to the finite 
cusps as SW cusps. Correspondingly there are 
two kinds of walls: 

u = oo: A+ = 0, Xe H^{X,Z) + \w2{E) 
u = u.,: A+=0, Xc, H^{X,T:) + \w2{X) 

(27) 

The wall-crossing discontinuity of Z„ at u = oo 



is: 



2pu+S^T(M)-i(A,S)g 



(28) 



For the special case Nj — 0, u — 2pj^^i 



da 



JI^W^' = ^^2^^3, and one easily checks that 
this is identical to the famous formula of Gottsche 
for the wall-crossing of Zdw 

However, at the finite cusps u — u^, Zu changes 
but Z]j\Y does not! The change in Z„ is: 



AZ„ 



du 



1 



Au. (W - M,) [u 

where d{\) ~ - 

\W2{X). 



1 + 0{u - It*) 
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and A G H^{X;Z) 



4.3. Mixing between the branches 

At first equation ( p^ ) might appear to be a 
problem. In fact, it fits in quite beautifully with 
the general principle: Donaldson = Coulomb + 
Seiberg-Witten: 



{ 



,pO+/(S) 



) 



-'Coulomb 



(30) 

Indeed, note that A e H^{X;Z) + ^W2{X) de- 
fines a Spin'^ structure on X and then d{X) — 
X^ — ^-^^^"^ is the dimension of SW moduli space: 
d{X) = dimA^siv(A). 

The Donaldson polynomials do noi jump at SW 
walls so: 



— SZow — SZi 



Coulomb 



sz^ 



SW 



(31) 



The two terms on the RHS are nonvanishing. 
This is the mixing of Coulomb and "Higgs" 
branches. 



4.4. Structure of the SW contributions 

The cancellation between the changes of Zu 
and Zsw can in fact be turned to great advan- 
tage to derive the general relation between the 
Donaldson and SW invariants [23| . 

We can compute 52'couioinb and therefore find 



SZuie 



Therefore, we can learn about the uni- 



versal holomorphic functions in the effective La- 
grangian C with the monopoles included. This 
Lagrangian comes from a prepotential Tm{0'd) 
for the N = 2 magnetic vector multiplet and also 
includes the coupling to the monopolc hypcrmul- 
tiplet. The full action has the form: 

{ Q, W} + jtrAiF AF + p{u)TtR A R 

+e{u)TTR Ai?-f^f^(^A^)AF 

^^^p Alp Aijj Aij. (32) 



This is due to the fact that the fourth descendant 
of the prepotential (which appears in (|l5|)) can 
be written as a Q-exact piece plus the terms in- 
volving the fields "0, F that we have written in 
(^). The part of the Lagrangian involving the 
monopolc hypermultiplet can also be written as 

(29) 

a Q-exact term after twisting, and is included in 
W. The terms involving p(m), i{u) are again due 
to the coupling to gravity. 

The action (|3^ ) describes a TFT of a standard 
sort and can be evaluated using standard localiza- 
tion. The terms involving the fields "0 do not con- 
tribute on simply-connected manifolds, and we 
will drop them (their effect has been analyzed in 
pst). We obtain then for the generating func- 
tional of the SW contributions: 

Zsw = E E(^^""^^'^)a,«. (33) 

xeH'^{x-z)+^w2ix) 

where 



„pO+I{S) 



Jm^ V 47r Js dao 

■q-/'^P{ur/'L{uY'\ (34) 

In this equation, qu — exp(27rifM) and, by 
definition, the SW invariant is: SW{X) = 
Im {'^d)^'^^^'' ■ The integral (|^ is understood 
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in the sense that we must expand in ao and iso- 
late the correct power. 

Using the fact that ASW{X) = ±1 we can 
now derive the universal functions qm, P{u), L(u) 
and see that T*{u) =T{u). 

Now, having obtained these universal functions 
we can drop the condition 6^ = 1 and give the 
Donaldson invariants for all manifolds ofb^ > 0: 



Zdw ^Zu + Y, SW{\)-E.[X\ 



(35) 



where 



m - E 



da 



•exp[2pw-i^(5, \) + S''T{u) 
da 



a-a^\^ ^dM^^I^( A 



cr/8 



(36) 



This generalizes Witten's famous formula 
to manifolds not necessarily of simple type. One 
easily checks that Z = for N large 

enough, and hence all 4-folds are of generalized 
simple type, for bi =0,6^ > 1. The result is 
also interesting for X of simple type &^ > 1, and 
Nf > 0. Here the answer can be expressed purely 
in terms of quantities associated to the elliptic 
curve at its points of degeneration: 



Zdw ~ E'^^(^)'**( 



da ^ 
du 



■ exp 



-(5+<t) 



du ^ 



2pu^ + S — z(— )*(S', A) 
da 



(37) 



where v"^ 



_ ^,3 _ £4 _ _ce_ ( da\2 
y 48-^ S64' ^du) 

§^ and 6^{x + a)/4. 



2C6(«.) ' 



5. Evaluation of the w-plane integral and 
its basic properties 

The question remains of computability of the it- 
plane integral. It can be computed in two ways: 
Indirectly, using basic properties of the integral 
and, at least at Nf — 0, directly using techniques 



developed in string perturbation theory. We first 
discuss the indirect method: 

Zu is clearly very complicated. However, it is 
completely determined by four properties: 

1. Wall-crossing: At order p^S^ , Zu is piece- 
wise polynomial with known discontinuities (^8|) . 

2. Vanishing theorems: Zu{X) = for special 
X's and special gauge bundles, with w in special 
chambers. An important example is X = Fi, the 
first Hirzebruch surface with lj- f = Q for the fiber 
/ and W2{E) • / ^ 0. 

3. The blowup formula: This relates the func- 
tion Zdw on X to Zdw on the blowup Blp{X). 
Combined with 1,2, this gives Z„ on ruled sur- 
faces. 

4. Homotopy invariance: Since Z^ only de- 
pends on the classical ring H*{X; Z) we can re- 
place X by an algebraic surface. 

For simply connected 4-folds of 6^ = 1 Zdw 
satisfies exactly the same four properties, so in 
those cases ^ where Zsw — then we can imme- 
diately conclude that the above u-plane integral 
for Nf = is an integral representation of the 
Donaldson invariants. |j 

The reason these properties determine the inte- 
gral is the following: at least for simply connected 
manifolds, we can use homotopy invariance to re- 
duce to the case that X is a rational surface. Any 
two rational surfaces, with any two given metrics, 
can be related to each other by blowups, blow- 
downs, and wall-crossing. Then we can reduce the 
computation to the case of X = Fi in a chamber 
where Zu = Zsw = Zdw = 0. We have already 
discussed wall-crossing. We will briefly review the 
vanishing theorems and blowup formula. 

5.1. Vanishing theorems 

On certain manifolds in special chambers and 
with special bundles the integral Z^ vanishes. 
The intuitive principle behind the vanishing the- 
orems is simple and physical: It costs a lot of 
action to confine nonzero fiux in a small 2-cycle. 
Consider, for example a product manifold b x f. 



^For example, if X admits a metric of positive scalar cur- 
vature pil. 

■^In factTtnis result is logically independent of any use of 
physics or path integrals, and is completely rigorous from 
a mathematical viewpoint. 
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For a product metric and connection the Maxwell 
action satisfies: 



Jbx f vol(/) 



vol(fo)U. 



(38) 



If the gauge bundle is such that the flux F is 
nonzero for all electric line bundles (e.g. when 
W2{E) ■ f — 1) then the action goes to infinity in 
the limit of small fibers: vol(/) 0. Hence the 
theta function decays exponentially fast: 



e 



0. 



(39) 



Thus the integrand vanishes pointwisc. 

This principle can be used to establish van- 
ishing theorems. However, it must be applied 
with care since the integration region is noncom- 
pact. There are especially interesting subtleties 
at 6^ =9, for elliptic surfaces. See |Q and ref- 
erences therein. 

5.2. The blowup formula 

Roughly speaking, the procedure of blowing up 
a manifold at a smooth point replaces the point P 
by a sphere - the exceptional divisor B. It changes 
the intersection form hy Q ^ Q — Q Q) 

When the exceptional divisor is small: uj-B ^ 
it can be replaced by a sum over local operators. 
This is quite analogous to the OPE in conformal 
field theory in which one replaces a disk (or even 
a handle) on a surface by an infinite sum of ver- 
tex operators. In Donaldson theory the only local 
BRST invariant operators are in the ring of poly- 
nomials generated by O and hence we expect a 
formula of the form: 



exp[l{S)+tI{B)+pO] 



X 



fe>0 



exp[l{S)+pO]Bk{0) 



(40) 



X 



or more informally, exp[t/(_B)] ~ J2k>Q^''^k{0). 
In fact, this equation, as well as explicit expres- 
sions for Bk can be derived quite straightfor- 
wardly from the u-plane integral ||2^]. The es- 
sential remark is that in the chamber B+ = 



the ^i-function for X factors as a product of the 
^'-function for X times a holomorphic function 
of u, which can be interpreted as an insertion of 
0-observables. 

For Nf — the blowup formulae of p3[ a gree 
with the results of and In^§ the 

blowup formulae play a central logical role. 

5.3. Direct evaluations 

While the above basic properties indeed de- 
termine the u-plane integral completely, they 
do not lead to a very effective evaluation of 
these integrals. Any correlation function function 
{0{PYI{SY)x is related to the chamber = 
of Fi by a finite number of blowups and wall- 
crossings. But the number of walls y oo for 
£,r y oo. However, for Nf = a direct eval- 
uation is possible: t(u) maps the u-plane to the 
modular curve A4 — r°(4)\7Y and one can write 
the u-plane integral as: 



ro(4)\-H y 



This is related to "theta lifts" in number theory 
or quantum corrections in 1-loop string ampli- 
tudes. The ^ function is essentially the Narain 
theta function for signature (1,6_), relevant, for 
example, to compactifications of heterotic string 
on K3 X S^. 

The integral can be evaluated directly by calcu- 
lations analogous to those described in, for exam- 
ples, The explicit answers are given m 
p3[ | . The case of X = CP^ turns out to be rather 
amusing. The unfolding technique which is used 
in the evaluations of |15 does not apply to 
this case. Instead, one must integrate by parts 
using a nonholomorphic modular form of weight 
(3/2,0) for ro(4) discovered by Zagier: 



G(r,y)-^H(n)g" 



f=-oa 



16777/1/2 



-47t/ uy 



du 
372 



(42) 



where 



nr) = E ^W'^" = + +<!''+■ ■ -(43) 



n>0 
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is a generating function for Hurwitz class num- 
bers. In the SU{2) invariants for CP^ were 
evaluated in terms of 'H(t) . Comparing to previ- 
ous results of Gottsche leads to an interesting 
formula for class numbers: 



n>0 ^ ^ 
n>0 

- ^(h(47i + 3) + iH(16n+ 12))(j 



)i>0 



^(4n+3)/2 



)/2 



J2 (-l)"i+"^(2n2 + lK 

ni>0,n2>ni 



(44) 



6. Remarks on the contact term T{u) 



We now return to the contact term T{u). By 
working with off-shell supersymmetry in (p^, 
T{u) it is guaranteed to be Q-closed and is hence 
locally a holomorphic function of u. In T{u) 
was determined by the requirement that the func- 
tion T{u) given in (|2^) is invariant under the 
SL(2, Z) duality group and by some asymptotic 
constraints. It was rederived in |^ for a larger 
class of observables from a different point of view, 
but the argument is only simple for massless 
theories and Nf < 4. Here we present yet a 
third derivation. We restrict attention to the 
contact terms for 2-observables arising from the 
quadratic Casimir, but the method applies to ar- 
bitrary gauge group including matter with arbi- 
trary masses. To find T(u), one first notices that 
the prepotential of SU (2), iV = 2 supersymmetric 
gauge theories verifies 



Otq 



1 



(45) 



where in the asymptotically free theories tq is de- 



fined by — e''^^° and tq is the microscopic 

coupling for the Nf = 4 theory (the first defini- 
tion is of course motivated by the RG equation). 



The relation (45) has been derived in many differ- 
ent contexts [ 22 ,^,|5|,|[0] and holds for any mat- 
ter content and bare masses for the hypermulti- 
plets. We will denote derivatives of the prepo- 
tential with respect to the variables a, tq by the 
correspondig subindices. The duality transforma- 
tion 
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a b 
c d 



e SL(2,Z) 



shifts the second term in (^2|) by 



4i cJ^' 



TT CT 



(46) 



(47) 



But this is precisely the structure of the shift for 

*^ TnTn ■ 



^ TQTQ ^ TQTO 



(48) 



as one can check using the duality transformation 
properties of the prepotential or following the ap- 
proach in Q. We then see that the contact term 
is given by 



4 d'^T 



(49) 



An explicit expression for all the cases < Nf < 
4 can be obtained by using the form of the elliptic 
curves and the Seiberg-Witten abelian differen- 
tials (for the asymptotically free theories with ar- 
bitrary masses, the expression has been obtained 
in in a different context). It is given by 



in the case of the asymptotically free theories, and 

Tiu): 



' da 

in the Nf — 4 case, where R = ™a/2 and E2, 
E4 are the normalized Eisenstein series. These ex- 
pressions are valid for the theories with arbitrary 
hypermultiplet masses. The same procedure can 
be applied to the higher rank theories for the 
contact term coming from the second quadratic 
Casimir, again with any hypermultiplet content 
and arbitrary masses. 
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Finally, we would like to notice that the param- 
eter To naturally arises in the context of Whitham 
hierarchies as a slow time variable. This should 
provide a link between this approach to the con- 
tact terms and the one in |Q . 

7. Extension to higher rank and other u- 
plane integrals 

The u-plane integral can be also analyzed in 
the case of higher rank gauge groups |^ as a 
tool to analyze the higher rank analogues of Don- 
aldson invariants. We will consider for simplicity 
the case of SU{N), although the formalism can 
be easily extended to other compact Lie groups. 
The integral is given by 

Z{p,S;mi,To) 



Mr 



(52) 



In this equation, U — X]/=2^'^"^ ^ linear com- 
bination of the Casimirs of the group. The 2- 
observable is derived from the quadratic Casimir 
V = U2 and Ty is the corresponding contact term, 
given by equation (49) above. A simple general- 
ization of the argument of using holomorphy, 
modular properties and R-charge fixes the A, B 
functions to be the natural generalizations of (eT 



det 



dui 



x/2 



(53) 



where Aa is the quantum discriminant associated 
to the genus r hyperelliptic curve and a,/3 are 
constants on A^couiomb- (Equation ( p3| ) was in- 
dependently derived in |Q.) The lattice sum 
is given in this case by the finite-dimensional in- 
tegral 

exp -iTTfij{X{,X-l) -iTTTuiXL^Xi) 
+ J-bi{Imr)ijb'' -tViiS, XL)~^Vi{S,u;)bi 
'^TijKTl'x'ih'' + 47rAf ) - z^(A • p, W2{X)) 
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Here, x, r] are Grassmann variables and are 
commuting variables (they have their origin in the 
zero modes of the Xi V fields, and in the auxiliary 
fields, respectively). In the lattice F we have to 
consider non-abelian magnetic fluxes (or general- 
ized Stiefel- Whitney classes) that are associated 
to the conjugacy classes of Aweight / Aroot H^- We 
sum then over root vectors of the form 



X^X^ai, X^ = X^z + {C^^Y 



(55) 



(54) 



where A^, tt^ e H^{X, Z), dj, I — 1, ■ ■ ■ ,r, is a, 
basis of simple roots, and C is the Cartan matrix. 
The weight p appearing in ( |5^ ) is half the sum of 
the positive roots, and the term involving it is the 
appropriate generalization of the phase derived 
in for the rank one case (this term has been 
derived independently in |po|| ). 

Although the higher rank integral (|5^) is quite 
complicated, it can be analyzed in some detail. 
One can check single- valuedness of the integrand 
under the quantum monodromy group. The 
proper definition of the integral is rather subtle 
because of the nature of the singular loci of the 
moduli space. The superconformal loci are espe- 
cially subtle. One can derive wall-crossing formu- 
lae, which are generically integrals of a residue. 
There is "wall-crossing for wall-crossing" arising 
from the contributions of codimension two sub- 
manifolds, and so forth. Using this one can gen- 
eralize the above result for Z^w to higher rank 
gauge groups. A detailed presentation of these 
remarks will appear in pl| . 

8. Conclusion: Future directions 

There are many interesting future directions in 
this subject. We mention just two here. First, 
it appears that an analogue of Z„ can be written 
for any special Kahler geometry. The question 
remains as to the physical significance. Can we 
always find a physical system which is computing 
some invariants through Z^l Examples of sys- 
tems which could be especially interesting include 
the effective theory on the D3 probe in F-theory 
and the integrable system associated to variation 
of Hodge structures introduced by Donagi and 
Markman 

Another direction, involving applications to 
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Gromov-Witten theory, has recently been pro- 
posed in poll. 
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